Extensive systematizations of theoretical and experimental nuclear densities and of optical potential strengths extracted from heavy-ion elastic scattering data analyses at low and intermediate energies are presented. The energy-dependence of the nuclear potential is accounted for within a model based on the nonlocal nature of the interaction. The systematics indicates that the heavy-ion nuclear potential can be described in a simple global way through a double-folding shape, which basically depends only on the density of nucleons of the partners in the collision. The possibility of extracting information about the nucleon-nucleon interaction from the heavy-ion potential is investigated.
I Introduction
The optical potential plays a central role in the description of heavy-ion collisions, since it is widely used in studies of the elastic scattering process as well as in more complicated reactions through the DWBA or coupled-channel formalisms. This complex and energy-dependent potential is composed of the bare and polarization potentials, the latter containing the contribution arising from nonelastic couplings. In principle, the bare (or nuclear) potential between two heavy ions can be associated with the fundamental nucleon-nucleon interaction folded into a product of the densities of the nuclei [1] . Apart from some structure effects, the shape of the nuclear density along the table of stable nuclides is nearly a Fermi distribution, with diffuseness approximately constant and radius given roughly by R = r 0 A 1/3 , where A is the number of nucleons of the nucleus. Therefore, one could expect a simple dependence of the heavy-ion nuclear potential on the number of nucleons of the partners in the collision.
The elastic scattering is the simplest process that occurs in a heavy-ion collision because it involves very little rearrangement of matter and energy. Therefore, this process has been studied in a large number of experimental investigations, and a huge body of elastic cross section data is currently available. The angular distribution for elastic scattering provides unambiguous determination of the real part of the optical potential only in a region around a particular distance [2] hereafter referred as the sensitivity radius (R S ). At energies close to the Coulomb barrier the sensitivity radius is situated in the surface region. In this energy region, the systematization [3, 4] of experimental results for potential strengths at the sensitivity radii has provided an universal exponential shape for the heavy-ion nuclear potential at the surface region.
In a recent review article [2] the phenomenon of rainbow scattering was discussed, and it was emphasized that the real part of the optical potential can be unambiguously extracted also at very short distances from heavy-ion elastic scattering data at intermediate energies. However, differently from the case for the surface region (low energy), a systematization of potential strengths at the inner distances has not been performed up to now, probably because the resulting phenomenological interactions have presented significant dependence on the bombarding energies. Several theoretical models have been developed to account for this energy-dependence through realistic mean field potentials. A recent model [5, 6, 7, 8] associates the energy-dependence of the heavy-ion bare potential with nonlocal quantum effects related to the exchange of nucleons between target and projectile. Using this model, we have realized [8] a systematization of potential strengths extracted from elastic scattering data analyses, considering both: low (near-barrier) and intermediate energies. The systematics confirms that the heavy-ion nuclear potential can be described in a very simple global way.
II The nuclear densities
According to the double-folding model, the heavy-ion nuclear potential depends on the nuclear densities of the nuclei in collision. Thus, a systematization of the potential requires a previous systematization of the nuclear densities. We adopt the two-parameter Fermi (2pF) distribution (Eq. 1) to describe the nuclear densities.
In our theoretical calculations, the charge distribution of the nucleus (ρ ch ) has been obtained by folding the proton distribution of the nucleus (ρ p ) with the intrinsic charge distribution of the proton in free space (ρ chp )
where ρ chp is an exponential with diffuseness a chp = 0.235 f m. In an analogous way, we have defined the matter density of the nucleus by folding the nucleon distribution of the nucleus with the intrinsic matter distribution of the nucleon, which is assumed to have the same shape of the intrinsic charge distribution of the proton. For convenience, the charge and matter distributions are normalized to the number of protons and nucleons, respectively. In order to systematize the heavy-ion nuclear densities [8] , we have calculated theoretical distributions for a large number of nuclei using the Dirac-Hartree-Bogoliubov (DHB) model [9] . We have also used the results of previous systematics for charge distributions [10, 11] , extracted from electron scattering experiments, as a check of our DHB results. Along the table of stable nuclides, the diffuseness for the nucleon and matter densities spread around the average valuesā n = 0.50 f m andā m = 0.56 f m, respectively. A small dispersion of about 0.025 f m around these average values is expected due to effects of the structure of the nuclei. We have determined the radii R 0 for the 2pF distributions assuming that the corresponding root-mean-square radii should be equal to those of the theoretical (DHB) densities. The nucleon and matter densities give very similar radii, which are well described by the following linear fit:
Due to effects of the structure of the nuclei, the R 0 values spread around this linear fit with dispersion of 0.07 f m.
III The double-folding potential
The double-folding potential has the form [1]
where R is the distance between the centers of the nuclei, ρ i are the respective nucleon distributions, and v N N ( r) is the effective nucleon-nucleon interaction. The success of the folding model can only be judged meaningfully if the effective nucleon-nucleon interaction employed is truly realistic. The most widely used realistic interaction is known as M3Y [1, 2] , which can usually assume two versions: Reid and Paris.
The six-dimensional integral (Eq. 4) can easily be solved by reducing it to a product of three one-dimensional Fourier transforms [1] , but the results may only be obtained through numerical calculations. In order to provide analytical expressions for the folding potential, we consider, as an approximation, that the range of the effective nucleon-nucleon interaction is negligible in comparison with the diffuseness of the nuclear densities. In this zero-range approach, the double-folding potential can be obtained from:
The Fermi distribution may be represented, with precision better than 3% for any r value, by:
This approximation is particularly useful in obtaining analytical expressions for integrals that involve the 2pF distribution. If both nuclei have the same diffuseness a, the doubleintegral (Eq. 5) can be solved analytically using the approximation represented by Eq. 6, and the result expressed as a sum of a large number of terms, most of them negligible for a R 0 . Rather simple expressions can be found after an elaborate algebraic manipulation:
, (10)
where
and R 2 are the radii of the nuclei (hereafter we consider R 2 ≥ R 1 ). The function g is given by:
We define the reduced folding potential at the surface region by:
.
Taking into account Eqs. 11 and 13, the reduced potential can be represented by the following system-independent expression:
However, it is not clear that one can find a simple form for such a system-independent quantity at inner distances from Eqs. 9 and 10. In Section V, the reduced potential is useful for addressing the potential strength systematization. Thus we define V red for s ≤ 0 through the following trivial form:
The end of this section is devoted to the study of the effect on the folding potential of a finite range for the effective nucleon-nucleon interaction. The tri-dimensional delta function, V 0 δ( r), can be represented through the limit σ → 0 applied to the finite-range Yukawa function using an Yukawa function for the effective nucleon-nucleon interaction. The finite range is not truly significant at small distances, and can be accurately simulated at the surface, within the zero-range approach, just by slightly increasing the diffuseness of the nuclear densities. 
IV Nonlocal description of the nucleus-nucleus interaction
When dealing with nonlocal interactions, one is required to solve the following integro-differential equation
V C is the Coulomb interaction assumed to be local. V pol and W pol are the real and imaginary parts of the polarization potential and contain the contribution arising from nonelastic channel couplings. The corresponding nonlocality, called the Feshbach nonlocality, is implicit through the energydependence of these terms. U ( R, R ) is the bare interaction and the nonlocality here, the Pauli nonlocality, is solely due to the Pauli exclusion principle and involves the exchange of nucleons between target and projectile.
Guided by the microscopic treatment of the nucleonnucleus scattering [12, 13, 14, 15, 16] , the following ansatz is assumed for the heavy-ion bare interaction [6] 
where b is the range of the Pauli nonlocality. Introduced in this way, the nonlocality is a correction to the local model, and in the b → 0 limit Eq. 17 reduces to the usual Schröedinger differential equation. The range of the nonlocality can be found through b ≈ b 0 m 0 /µ [17] , where b 0 = 0.85 f m is the nucleon-nucleus nonlocality parameter [12] , m 0 is the nucleon mass, and µ is the reduced mass of the nucleus-nucleus system.
The relation between the nonlocal interaction and the folding potential is obtained from [6] 
Due to the central nature of the interaction, it is convenient to write down the usual expansion in partial waves, and the integro-differential equation can be recast into the following form [8] :
When confronting theory and experiment, one usually relies on the optical model with a local potential. This brings into light the issue of extracting from Eq. 20 a local-equivalent (LE) potential
The presence of the wave-function in Eq. 21 indicates that the LE potential is complex and also -and energydependent. For neutron-nucleus systems, the LE potential is only weakly -dependent, and an approximate relation to describe its energy-dependence has been obtained [12] . A generalization of this relation for the ion-ion case is given by [5, 6] :
with γ = µb 2 /2 2 . The local-equivalent potential is quite well described by Eq. 22 for any value [8] , except at very small distances (R ≈ 0) that are not probed by heavy-ion experiments. At near-barrier energies, E ≈ V C (R B ) + V LE (R B ), the effect of the Pauli nonlocality is negligible and V LE (R, E) ≈ V F (R), but the higher the energy is, the greater is the effect. At energies about 200 M eV /nucleon the local-equivalent potential is about one order of magnitude less intense than the corresponding folding potential (see examples in Refs. [5, 6] ).
In a classical physics framework, the exponent in Eq. 22 is related to the kinetic energy (E k ) and to the local relative speed between the nuclei (v) by
and Eq. 22 may be rewritten in the following form
where c is the speed of light. Therefore, in this context the effect of the Pauli nonlocality is equivalent to a velocitydependent nuclear interaction (Eq. 24). Another possible interpretation is that the local-equivalent potential may be associated directly with the folding potential (Eq. 25), with an effective nucleon-nucleon interaction (Eq. 26) dependent on the relative speed (v) between the nucleons
V Systematization of the nuclear potential
As already mentioned, the angular distribution for elastic scattering provides an unambiguous determination of the real part of the optical potential in a region around the sensitivity radius (R S ). For bombarding energies above (and near) the barrier, the sensitivity radius is rather energyindependent and close to the barrier radius (R B ), while at intermediate energies much inner distances are probed. At sub-barrier energies, the R S is strongly energy-dependent, with its variation connected to the classical turning point; this fact has allowed the determination of the potential in a wide range of near-barrier distances, R B ≤ R S ≤ R B + 2 f m. With the aim of avoiding ambiguities in the potential systematization, we have selected "experimental" (extracted from elastic scattering data analyses) potential strengths at the corresponding sensitivity radii, from works in which the R S has been determined or at least estimated. In several articles, the authors claim that their data analyses at intermediate energies have unambiguously determined the nuclear potential in a quite extensive region of interaction distances.
In such cases, we have considered potential strength "data" in steps of 1 f m over the whole probed region. The experimental potential strengths represent the real part of the optical potential, which corresponds to the addition of the bare and polarization potentials. The contribution of the polarization to the optical potential depends on the particular features of the reaction channels involved in the collision, and is therefore quite system-dependent. If this contribution were very significant, it would be too difficult for one to set a global description of the heavy-ion nuclear interaction. In the present work, we neglect the real part of the polarization potential and associate the experimental potential strengths (V Exp ) with the bare interaction (V LE ). The success of our findings seems to support such a hypothesis.
In analysing experimental potential results for such a wide energy range and large number of different systems, we consider quite appropriate the use of systemand energy-independent quantities. We have removed the energy-dependence from the experimental potential strengths through the calculation of the corresponding folding potential strengths, V F −Exp , based on Eq. 22. The system-dependence of the potential data set has then been removed with the use of the experimental reduced potential, V red−Exp . For s ≥ 0 this quantity was calculated from Eq. 13, and for inner s values we have adopted the following simple definition
with V F −T eo calculated through Eq. 5. The other useful quantity is the distance between surfaces:
, where R S is associated to the sensitivity radius, and the radii of the nuclei have been obtained from Eq. 4. In Fig. 2 (bottom) , the experimental reduced potential strengths are confronted with the theoretical prediction (Eqs. 14 and 15). The fit to the data in the inner region (s ≤ 0) results unambiguously in the value V 0 = −456 M eV f m 3 , and is quite insensitive to the diffuseness parameter. The fit for s ≥ 0 is sensitive to both: V 0 and a, and the corresponding best fit values are a = 0.56 f m and the same V 0 found for the inner region. The standard deviation of the data set around the best fit (solid line in Fig. 2 -bottom) is 25%, a value somewhat greater than the dispersion (20%) expected to arise from effects of the structure of the nuclei [8] . We believe that the remaining difference comes from two sources: uncertainties of the experimentally extracted potential strengths and the contribution of the polarization potential that we have neglected in our analysis. We point out that the best fit diffuseness value, a = 0.56 f m, is equal to the average diffuseness found (Section II) for the matter distributions and greater than the average value (a = 0.50 f m) of the nucleon distributions. This is a consistent result because we have calculated the reduced potential strengths based on the zero-range approach (through Eqs. 5, 13 and 27). As discussed in Section III, the effect of a finite-range for the effective nucleon-nucleon interaction can be simulated, within the zero-range approach, by increasing the diffuseness of the (nucleon) densities of the nuclei. In order to characterize the importance of the Pauli nonlocality, we have also obtained the reduced potential strengths through calculations performed without the correction (Eq. 22) due to the energy-dependence of the LE potential, i.e. associating the experimental potential strengths directly with the folding potential. The quality of the corresponding fit is similar to that obtained with the nonlocality, but the V 0 and a parameters are significantly different. In the next Section, we show that the values found without considering the nonlocality, a = 0.61 f m and
3 , seem to result in an unrealistic nucleon-nucleon interaction.
VI The effective nucleon-nucleon interaction
After removing the energy-dependence of the experimental potential strengths, the corresponding results are compatible with the double-folding potential in the zero-range approach (Eq. 5), provided that the matter densities of the nuclei be adopted in the folding procedure instead of the nucleon densities. In this section, we study the consistency of our results for the nuclear potential in the case that the double-folding model is treated in the more common interpretation: the nucleon distributions and a finite-range nucleon-nucleon interaction are assumed in Eq. 4. With the purpose of keeping the comparison between experimental and theoretical results through the use of system-independent quantities, it is necessary to change the definition of the experimental reduced potential
where V F −T eo is now calculated through Eq. 4. V red−T eo is still obtained from Eqs. 14 and 15, with the V 0 parameter being associated to the volume integral of the effective nucleon-nucleon interaction (actually, this same procedure has also been adopted in the zero-range case)
The effective nucleon-nucleon interaction should be based upon a realistic nucleon-nucleon force, since our goal is to obtain a unified description of the nucleon-nucleon, nucleon-nucleus and nucleus-nucleus scattering. A realistic interaction should match the empirical values for the volume integral and root-mean-square radius of the nucleon-nucleon interaction, V 0 ≈ −430 M eV f m 3 and r rms ≈ 1.5 f m, that were extrapolated from the main features of the optical potential for the nucleon-nucleus scattering at E nucleon = 10 M eV [1, 18, 19, 20] . The M3Y interaction has been derived [1] with basis on the G-matrix for two nucleons bound near the Fermi surface, and certainly is representative of realistic interactions. In table 1 are presented the volume integral and root-mean-square radius for several nucleonnucleon interactions used in this work, including the M3Y at 10 M eV /nucleon. The M3Y interaction is not truly appropriate for use in the context of the nonlocal model, because it already contains a simulation of the exchange effects included in its knock-on term. Furthermore, according to the nonlocal model the energy-dependence of the local-equivalent potential should be related only to the finite range of the Pauli nonlocality, but the knock-on exchange term in the M3Y interaction is also energy-dependent. Therefore, the use of the M3Y in the nonlocal model would imply a double counting of the energy-dependence that arises from exchange effects. In Section IV, we have demonstrated that the LE potential is identical with the double-folding potential for energies near the barrier, which are in a region around 10 M eV /nucleon. In this same energy range, the folding potential with the M3Y interaction have provided a very good description of elastic scattering data for several heavy-ion systems [1] . Thus, we believe that an appropriate nucleon-nucleon interaction for the nonlocal model could be the M3Y "frozen" at 10 M eV /nucleon [6] , i.e. considering the parameters of the Reid and Paris versions as energy-independent values. Fig. 2 (top) shows a comparison between experimental and theoretical heavy-ion reduced potentials, in which the "frozen" M3Y-Reid was considered for the nucleon-nucleon interaction. We emphasize that no adjustable parameter has been used in these calculations, but even so a good agreement between data and theoretical prediction has been obtained. The "frozen" M3Y-Paris provides similar results.
With the aim of investigating how much information about the effective nucleon-nucleon interaction can be extracted from our heavy-ion potential systematics, we have considered other possible functional forms for this effective interaction. Besides the Yukawa function (Eq. 16), we have also used the Gaussian (Eq. 30) and the exponential (Eq. 31), which reduce to the tri-dimensional delta function in the limit σ → 0,
The fits to the heavy-ion potentials obtained with all these functions are of similar quality and comparable with that for the M3Y interaction. The resulting best fit widths (σ), volume integrals and corresponding root-mean-square radii are found in table 1. All the V 0 and r rms values, including those of the M3Y, are quite similar. Also the "experimentally" extracted intensity of the nucleon-nucleon interaction in the region 1 ≤ r ≤ 3 f m seems to be rather independent of the model assumed for this interaction (see Fig. 3 ).
In Section V, we have demonstrated that the major part of the "finite-range" of the heavy-ion nuclear potential is related only to the spatial extent of the nuclei. In fact, even considering a zero-range for the interaction v N N in Eq. 5, the shape of the heavy-ion potential could be well described just by folding the matter densities of the two nuclei. One would ask whether the finite-range shape of the effective nucleon-nucleon interaction can be derived in a similar way. Thus, we have considered a folding-type effective nucleonnucleon interaction built from: 
where V 0 = −456 M eV f m 3 as determined by the heavyion potential analysis, and ρ m is the matter density of the nucleon. Based on the intrinsic charge distribution of the proton in free space, which has been determined by electron scattering experiments, we have assumed an exponential shape for the matter density of the nucleon
Of course, ρ 0 and a m are connected by the normalization condition of the density. The integration of Eq. 32 results in
The folding-type and the M3Y interactions provide very similar fits of the reduced heavy-ion potential strengths. The folding-type nucleon-nucleon interaction results in realistic volume integral and root-mean-square radius (see table 1 ), and it is also quite similar to both versions of the M3Y interaction in the surface region (see Fig. 3 ).
The folding-type interaction in the context of the nonlocal model provides a very interesting unification between the descriptions of the nucleus-nucleus, nucleon-nucleus and effective nucleon-nucleon interactions. This can be appreciated through the comparison between Eqs. 24 and 26, with the subtle detail that V F (in Eq. 24) and v f (in Eq. 26) can both be calculated by folding the matter densities in the zero-range approach, and with the same V 0 value. Therefore, the interaction between two nuclei (or nucleons) can be obtained from
where V 0 = −456 M eV f m 3 , ρ i are the matter densities, and v is the relative speed between the nuclei (or nucleons). All these findings seems to be quite consistent. However, the best fit value obtained for the diffuseness (a m = 0.30 f m) of the matter density of the nucleon inside the nucleus is considerable greater than that (a chp = 0.235 f m) found for the charge distribution of the proton in free space. This finding is consistent with the swelling of the nucleon observed in the EMC effect [21] , but should be contrasted with the opposite picture of a smaller nucleon inside the nucleus as advanced within the concept of color transparency [22] .
VII Conclusion
The experimental potential strengths considered in the present systematics have been obtained at the corresponding sensitivity radii, a region where the nuclear potential is determined from the data analyses with the smallest degree of ambiguity. The Fermi distribution was assumed to represent the nuclear densities, with parameters consistent with an extensive amount of theoretical (DHB calculations) and experimental (electron scattering experiments) results. The potential data set is well described in the context of the nonlocal model, by the double-folding potential in the zerorange as well as in the finite-range approaches. The dispersion of the potential data around the theoretical prediction is 25%, which is compatible with the expected effects arising from the variation of the densities due to the structure of the nuclei. If the nonlocal interaction is assumed, the heavy-ion potential data set seems to determine a few characteristics of the effective nucleon-nucleon interaction, such as volume integral and root-mean-square radius, in a modelindependent way.
The description of the bare potential presented in this work is based only on two fundamental ideas: the folding model and the Pauli nonlocality. We have avoided as much as possible the use of adjustable parameters, and in the case of the "frozen" M3Y interaction no adjustable parameters were necessary to fit the experimental potential strengths. Nowadays, the other important part of the heavy-ion interaction, the polarization potential, is commonly treated within a phenomenological approach, with several adjustable parameters which usually are energy-dependent and vary significantly from system to system. The association of the nonlocal bare potential presented in this work with a more fundamental treatment of the polarization should be the next step toward a global description of the nucleus-nucleus interaction.
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